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1 ????
?????????????? (QE) ????????????? QE ???????????????
???????????????
??????????? GCD ?????????? (GCD-QE ?????) ??????Mathematica
? Reduce, Resolve ???????????????????????????????????????
?????? ([7]). ??????? GCD-QE ????? ([3] ?) ??????????????????
?????GCD-QE ???????????????????????????????????????
????????????????????????
???characteristic sets ?????????? ([11, 12, 13] ???CS-QE ?????) ????Maple ?
Projection ??? CS-QE ????????????????? GCD-QE ???????????????
????????????????????? regular chains????????????????????
???????????????????????????????????????????????
?????????????? (CGS) ??????? (CGS-QE ?????) ????CGS ??????
??????? CGS ????????????????????????????????[10, 8, 5, 6, 9]
?????????????? CGS ?????????????????????? [9] ????????
???????????????????? (Denition3??) ?????? CGS ??????????
????????????????????????????????????????????????
??????? Risa/Asir([l]) ?????????????? CGS-QE ???????????????




??????????????????????????? QE ????????????? Hybrid-
QE ??????????? CGS-QE ??????????? GCD-QE ??????????????
Risa/Asir???????????????????????????????????????????
????????????????????????????????????????????????
???? Mathematica ? GCD-QE ?????????? Maple ? CS-QE ?????????????
????????????
??????????
? 1907? 2014? 132-141 132
??????????? CGS ??????????????????????????????????
Mathematica ???????? GCD-QE ??????????????? CGS-QE ?????????
??????????????????? Hybrid-QE ????????????????????????
????????????????????? $K$ ??? $\overline{K}$ ??????????? $K[\overline{Y}, \overline{X}]$ ? $\overline{Y}=$
$Y_{1}$ , . .. , $Y_{m}$ ? $X=X_{1}$ , . .., $X_{n}$ ??????????????$\sigma$ ? $K[\overline{Y}]$ ?? $\overline{K}$????????????
???? $K[\overline{Y}, \overline{X}]$ ?? $\overline{K}[X]$ ???????????????$T(\overline{X})$ ????????????$T(\overline{Y},\overline{X})$ ?
?? $X_{i}$ ? $T(\overline{Y})$ ???????????????????? $\overline{Y}$ ???????????$T(\overline{X})$ ????
??? $>$ ??????? LM(?), $LT(h)$ , LC(?) ????$K[\overline{Y}, \overline{X}]$ ????? $(K[\overline{Y}])[\overline{X}]$ ???????
? $h$ ?????????????????????? LM(?) $=$ LC(?)LT(?)?????????????
$K$ ??????????? $I$ ?????$\overline{K}$ ???????? V(I) ?????????
????????????????????????????????????
$\exists\overline{X}(f_{1}(\overline{Y},\overline{X})=0\wedge\cdots\wedge f_{s}(\overline{Y},\overline{X})=0\wedge g_{1}(\overline{Y},\overline{X})\neq 0\wedge\cdots\wedge g_{t}(\overline{Y},\overline{X})\neq 0)$ (0)
2???????????? CGS
?????????????????? [5, 6] ?????? [4] ? Theorem3.1???????????
Theorem 1
$I$ ? $K[\overline{Y}, \overline{X}]$ ????????$G$ ? $K[\overline{Y}, \overline{X}]$ ????? $(K[Y])[X]$ ???????? $>$ ???? $I$ ???
???????????? $G=\{g_{1}, . . . , g_{s}, . . . , g_{t}\}$ ????????? (i), (ii) ???????
(i) $G\cap K[\overline{Y}]=\{g_{s+1}, . . . , g_{t}\}$
(ii) $\sigma(g_{s+1})=\sigma(g_{s+2})=\cdots=\sigma(g_{t})=0$
??? $\{LT(g_{n_{1}}), . . . , LT(g_{n_{l}})\}$ ? $\{LT(g_{1}), . . . , LT(9_{S})\}$ ???????? $\prime o$?????????????
?????????
?????$\sigma(LM(g_{n_{1}}))\neq 0$ , . . . , $\sigma(LM(9n_{l}))\neq 0$ ?????$G'=\{\sigma(g_{n_{1}}), . . . , \sigma(g_{n_{l}})\}$ ? $\langle\sigma(I)\rangle$ ? $>$ ??
??????????????????? $i\in\{1, . . . , s\}-\{n_{1}, . . . , n_{l}\}$ ???? $\sigma(LM(9i))=0$ ????
????????????
$(K[\overline{Y}])[\overline{X}]$ ?????????? $K[\overline{Y}, \overline{X}]$ ?? $\overline{X}$ ? 9??????????????????????
????????????
Denition 2
$\overline{K}^{m}$ ?????????????? $\{\mathcal{P}_{1}, . . . , \mathcal{P}_{s}\}$ ????????????? $\overline{K}^{m}$ ?????????
(i) $\bigcup_{i=1}^{s}\mathcal{P}_{i}=\overline{K}^{m}$
(ii) ???? $i,$ $i$ ???? $\mathcal{P}_{i}$ ?? $=\emptyset$
(iii) ? $\mathcal{P}_{i}$ ? $K[Y]$ ???????? $P_{i},$ $Q_{i}$ ??????? $=V(\langle P_{i}\rangle)-\mathbb{V}(\langle Q_{i}\rangle)$ ????
Denition 3
$>$ ? $\tau(X)$ ????????$K[\overline{Y}, \overline{X}]$ ???????? $F$ ???????? $\mathcal{G}=\{(\mathcal{P}_{1}, G_{1}), . . . , (\mathcal{P}_{s}, G_{s})\}$
????? $(i)-(iii)$ ?????? $F$ ?????? $\overline{Y}$ , ????? $>$ ???? CGS(??????????
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?$)$ ??????
(i) ? $G_{i}$ ? $K[\overline{Y}, \overline{X}]$ ???????????
(ii) $\{\mathcal{P}_{1}, . . . , \mathcal{P}_{s}\}$ ? $\overline{K}^{m}$ ???????
(iii) ??? $\overline{c}\in \mathcal{P}_{\epsilon}$ ???? $G_{i}(\overline{c},\overline{X})=\{g(\overline{c},\overline{X}) :g\in G_{i}\}$ ? $\overline{K}[X^{-}]$ ????? $\langle F(\overline{c},\overline{X})$ ) ? $>$ ????
???????????
???? $G_{i}(\overline{c},\overline{X})$ ??? (??) ?????????????$\mathcal{G}$ ??? (??) ?????????????
????(?????????????????????????) ??? $\mathcal{G}$ ??????????
????????? $I$ ????????$\neg$ ???????
Lemma 4
$$ , . . . , $f_{s},$ $g_{1}$ , . . . , $g_{t}$ ? $K[\overline{Y}, \overline{X}]$ ?????????????????:
(i) $\exists\overline{X}(f_{1}(\overline{Y},\overline{X})=0\wedge\cdots\wedge f_{s}(\overline{Y},\overline{X})=0\wedge g_{1}(\overline{Y}_{\rangle}\overline{X})\neq0\wedge\cdots\wedge g_{t}(\overline{Y},\overline{X})\neq 0)$
(ii) $\exists\overline{X}(f_{1}(\overline{Y},\overline{X})=0\wedge\cdots\wedge f_{s}(\overline{Y},\overline{X})=0\wedge 91(\overline{Y},\overline{X})\cdots 9t(\overline{Y},\overline{X})\neq 0)$
$(iii)\neg(\forall\overline{X}(g_{1}(\overline{Y},\overline{X})\cdots g_{t}(\overline{Y},\overline{X})\in\sqrt{\langle f_{1}(Y,X)}, f_{s}(Y, X)\rangle))$
(iv) $\exists\overline{Z}X(f_{1}(\overline{Y},\overline{X})=0\wedge\cdots\wedge f_{s}(\overline{Y},\overline{X})=0\wedge 1-Z_{1}g_{1}(\overline{Y},\overline{X})=0\wedge\cdots\wedge 1-Z_{t}g_{t}(\overline{Y},\overline{X})=0)$
3 GCD-QE??????
????? Mathematica ? Reduce, Resolve ?????? GCD-QE ????????????
$g(\overline{Y},\overline{X})=g_{1}(\overline{Y},\overline{X})\cdots g_{t}(\overline{Y},\overline{X})$ ??????Lemma 4??????? (0) ??????????
$\exists\overline{X}(f_{1}(\overline{Y},\overline{X})=0\wedge\cdots\wedge f_{8}(\overline{Y},\overline{X})=0\wedge g(\overline{Y},\overline{X})\neq 0)$ (1)
$\exists X_{n}$ ? $\exists X_{n}(fi(\overline{Y},\overline{X})=0\wedge\cdots\wedge f_{\epsilon}(\overline{Y},\overline{X})=0\wedge g(\overline{Y}_{)}\overline{X})\neq 0)$ ???????????????????
??????????? $\vee\wedge$-canonical form ????? $\exists X_{1}\exists X_{2}\ldots\exists X_{n-1}$ ??????????????
????????????????????????????????????????????????




$\frac{A1gorithm1GCD-QEa1gorithmofMathematica}{Input:\exists X(f_{1}(\overline{Y},X)=0\wedge\ldots\wedge f_{s}(\overline{Y},X)=0\wedge g(\overline{Y},X)\neq 0);}$
Output: An equivalent quantier free formula;
1: $Rarrow false$ ;
2: $Iarrow\langle f_{1}$ , . . . , $f_{s}\rangle$ ;
3: $>arrow a$ term order s.t. $X\gg\overline{Y}$ ;
4: $Garrow a$ reduced Gr\"obner basis of $I$ w.r.t. $>$ in $K[\overline{Y}, X]$ ;
5: if $G=\{1\}$ then
6: Return false;
7: else
8: $\{h_{1}(\overline{Y}), . . . , h_{t}(\overline{Y})\}arrow G\cap K[\overline{Y}]$ ;
9: $\{g_{1}(\overline{Y}, X), . . . , g_{l}(\overline{Y}, X)\}arrow G-\{h_{1}(\overline{Y}), . . . , h_{t}(\overline{Y})\}$ ;
10: if $\{g_{1}(\overline{Y}, X), . . . , g_{l}(\overline{Y}, X)\}\neq\emptyset$ then
11: $g_{i}arrow the$ least degree polynomial for $1\leq i\leq l$ ;
12: $darrow the$ degree of $g_{i}$ ;
13: $p(\overline{Y})arrow LC(g_{i})\in K[\overline{Y}]$ ;
14: $rarrow the$ pseudo remainder of $g(\overline{Y}, X)^{d}$ by $g_{i}(\overline{Y}, X)$ ;
15: $p_{1}(\overline{Y})$ , . . . , $p_{r}(\overline{Y})arrow the$ coecients of $r$ ;
16: $Sarrow h_{1}(\overline{Y})=0\wedge\cdots\wedge h_{t}(\overline{Y})=0\wedge p(\overline{Y})\neq 0\wedge(p_{1}(\overline{Y})\neq 0\vee\cdots\vee p_{r}(\overline{Y})\neq 0)$ ;
17: $Rarrow R\vee S$ ;
18: $Qarrow\exists X(fi(\overline{Y}, X)=0\wedge\cdots\wedge f_{s}(\overline{Y}, X)=0\wedge p(\overline{Y})=0\wedge g(\overline{Y}, X)\neq 0)$ ;
19: $Rarrow R\vee GCD-QE(Q)$ ;
20: else
21: $p_{1}(\overline{Y})$ , . . . , $p_{r}(\overline{Y})arrow the$ coecients of $g$ ;
22: $Sarrow(h_{1}(\overline{Y})=0\wedge\cdots\wedge h_{t}(\overline{Y})=0)\wedge p(\overline{Y})\neq 0\wedge(p_{1}(\overline{Y})\neq 0\vee\cdots\vee p_{r}(\overline{Y})\neq 0)$ ;
23: $Rarrow R\vee S$
24: end if
25: Return $R$ ;
26: end if
Algorithm 1????:
$\bullet$ ? $g_{i}$ ? $(K[Y])[X]$ ????????????
$\bullet$ $h_{1}(\overline{Y})=0\wedge\ldots\wedge h_{t}(\overline{Y})=0\wedge p(\overline{Y})\neq 0$ ??????Theorem 1??????????????
$\{g_{i}(\overline{Y}, X)\}$ ? $\langle fi(\overline{Y}, X)$ , . . . , $f_{s}(\overline{Y}, X)\rangle$ ??????????????????$g_{i}(\overline{Y}, X)$ ? $(\overline{Y}, X)$
, . . . , $f_{s}(\overline{Y}, X)$ ? $X$ ???? GCD ????






$\frac{A1gorithm2CGS-QEalg\circ rithm}{Input:\exists X^{-}(f_{1}(\overline{Y},X^{-})=0\wedge\ldots\wedge f_{\delta}(\overline{Y},X^{-})=0\wedge g_{1}(\overline{Y}_{)}X^{-})\neq 0\wedge\cdots\wedge g_{t}(\overline{Y},X^{-})\neq 0);}$
Output: An equivalent quantier free formula;
1: $\overline{Z}arrow new$ variables $Z_{1}$ , . . . , $Z_{t\rangle}.$
2: $Farrow\{f_{1}(\overline{Y},\overline{X}), f_{8}(\overline{Y},\overline{X}),g_{1}(\overline{Y},\overline{X})Z_{1}-1,$ $)g_{t}(\overline{Y}, \overline{X})Z_{t}-1\}$ ;
3: $>arrow a$ term order in $T(X^{-},\overline{Z})$
4: $\mathcal{G}arrow a$ minimal CGS of $F$ w.r.t. $>$with parameters $\overline{Y}$ and main variables $\overline{X},$
$\overline{Z}$ ;
5: Let $\mathcal{G}=\{(\mathcal{P}_{i}, G_{i}):i=1\ldots, k, . . ., r, . . . , u\}$ be indexed as follows:
$\bullet$ $G_{1}$ , . . . , $G_{k}arrow the$ sets of polynomials which contains at least one polynomial including some
main variable;
$\bullet$ $G_{k+1}$ , . . . , $G_{r}arrow the$ sets of polynomials which contains only non-constant polynomials consist-
ing only of parameters;
$\bullet$ $G_{r+1}$ , . . . , $G_{u}arrow the$ sets of polynomials which consists of a non-zero constant;




Let $G_{i}=\{h_{1}^{i}(\overline{Y}), . .., h_{C:}^{:}(\overline{Y})\}$ for $i=k+1$ , . . . , $r.$
Let $\mathcal{P}_{i}=V(\langle P_{i}\rangle)-V(\langle Q_{i}\rangle)$ for $i=1$ , . . . , $r$ with
$P_{i}=\{p_{1}^{i}(\overline{Y}), . . . , p_{a}^{i}:(\overline{Y})\}$
$Q_{i}=\{q_{1}^{i}(\overline{Y}), . . . , q_{b}^{i}.(\overline{Y})\}.$
10: for $1\leq i\leq k$ do
11: $Sarrow p_{1}^{i}(\overline{Y})=0\wedge\cdots\wedge p_{a}^{i_{:}}(\overline{Y})=0\wedge(q_{1}^{i}(\overline{Y})\neq 0\vee\cdots\vee q_{b}^{i}.(\overline{Y})\neq0)$ ;
12: $Rarrow R\vee S$
13: end for
14: for $k+1\leq i\leq r$ do
15: $Sarrow q_{1}^{i}(\overline{Y})=0\wedge\cdots\wedge q_{a_{1}}^{:}(\overline{Y})=0\wedge(q_{1}^{i}(\overline{Y})\neq 0\vee\cdots\vee q_{b}^{i_{:}}(\overline{Y})\neq 0)\wedge h_{1}^{i}(\overline{Y})=0\wedge\cdots\wedge h_{c}^{i_{:}}(\overline{Y})=0$ ;
16: $Rarrow R\vee S$
17: end for
$1S$ : Return $R$;
19: end if
Algorithm 2????:
Lemma4? Hilbert's weak Nullstellensatz ?????????????????
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??????? $g_{1}\neq 0$ ????????????????????????????????????
?? $g_{1}\cdots g_{t}$ ??????????????????????????????????????????
5 Hybrid-QE??????
CGS-QE ??????? CGS ?????????????????????????????????
????????????? CGS ??????????????????? [9] ???????????
??????????????????????? CGS ????????CGS-QE ??????????
?????????????????[9] ??????????????????????????????
????? Algorithms 3, 4??????????
$\frac{A1gorithm3CGS}{Input:afinitesetF\subset K[\overline{Y},X^{-}]}$
a term order$>Y,X$ on $T(\overline{Y},\overline{X})$ such that $\overline{Y}\gg\overline{X}$ . (Its restriction on $T(\overline{X})$ is denoted $>x\cdot$ )
Output: a minimal CGS of $F$ w.r.t. $>x$ with parameters $\overline{Y}$ and main variables $\overline{X}$ ;
1: $Garrow the$ reduced Gr\"obner basis of $\langle F\rangle$ w.r.t. $>Y,X$ in $K[\overline{Y}, \overline{X}]$ ;
2: if $1\in G$ then
3: Return $\{(\overline{K}^{m}, \{1\})\}$ ;
4: else
5: $\mathcal{G}arrow CGSMain(F, >Y,X)$ ;
6: $\mathcal{P}arrow\cup\{\mathcal{P}_{i}:(\mathcal{P}_{i}, G_{i})\in \mathcal{G}\}$ ;
7: Return $\{(\overline{K}^{m}\backslash \mathcal{P}, \{1\})\}\cup \mathcal{G}$
s: end if
Algorithm 4 CGSMain
Input: a nite set $F\subset K[\overline{Y}, \overline{X}],$
a term order $>Y,X$ on $T(\overline{Y},\overline{X})$ such that $\overline{Y}\gg\overline{X}$ . (Its restriction on $T(\overline{X})$ is denoted $>x\cdot$ )
1: $Garrow the$ reduced Gr\"obner basis of $\langle F\rangle$ w.r.t. $>Y,X$ in $K[\overline{Y}, \overline{X}]$ ;
2: if $1\in G$ then
3: Return $\emptyset$ ;
4: else
5: $\{LT(g_{n_{1}}), . . . , LT(g_{n_{1}})\}arrow the$ minimal subset of $\{LT(9i):g_{i}\in G\backslash K[\overline{Y}]\}$ concerning the order of
divisibility;
6: $H_{i}arrow\{LC(g):LT(g)=LT(g_{n_{i}})$ and $g\in G\backslash K[\overline{Y}]\}$ for each $i=1\ldots,$ $l$ ;
7: Return
$\{$ ($V(\langle G\cap K[\overline{Y}]\rangle)\backslash \bigcup_{i=1..l}V(H_{i}),$ $G\backslash \{9\in G:LT(g)\neq LT(9n_{i})$ for each $i=1,$ $\ldots,$ $l\}$ ) $\}\cup$
CGSMain$(F \cup H_{1}, >Y,X)\cup\cdots\cup$ CGSMain$(F \cup H_{l}, >Y,X)$ ;
s: end if
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Algorithm 3????: Theorem 1???????????????????????????????
??' ?????????????????????????????????????????????
???
??????????????????????????? CGS ???????CGS ????????
???CGS-QE ????????????????????????????????????[8, 5, 6, $9|$







?????? QE ????????????????? GCD-QE ? CGS-QE ????????????
????? Hybrid-QE ????
$\frac{A1gorithm5Hybrid-QEa1g.0.rithm}{Input:\exists X^{-}(f_{1}(\overline{Y},X^{-})=0\wedge.\wedge f_{s}(\overline{Y},X^{-})=0\wedge g_{1}(\overline{Y},X^{-})\neq 0\wedge\cdots\wedge g_{t}(\overline{Y},X^{-})\neq 0);}$
Output: An equivalent quantier free formula;
1: $\overline{Z}arrow new$ variables $Z_{1}$ , . . . , $Z_{t}$ ;
2: $Farrow\{fi(\overline{Y},\overline{X}), f_{s}(\overline{Y},\overline{X}),g_{1}(\overline{Y},\overline{X})Z_{1}-1, g_{t}(\overline{Y},\overline{X})Z_{t}-1\}$ ;
3: Apply the minimal CGS computation algorithm to $F$ with parameters $\overline{Y}$ and main variables $\overline{X},$ $\overline{Z}$ ;
$4$ : if the computation terminates at stage 3 then
5: Return false;
6: else
7: For $\mathcal{G}=\{$ ( $V(\langle G\cap K[\overline{Y}]\rangle)\backslash \bigcup_{i=1..l}V(H_{i}),$ $G\backslash \{g\in G$ : $LT(g)\neq LT(g_{n}:)$ for each $i=1,$ $\ldots,$ $l\}$ ) $\}$
obtained at the stage 7 of CGSMain, proceed the stage 5 of CGS-QE algorithm. {Let this output
be $\phi.\}$
s: end if
9: For each $i=1\ldots,$ $l$
lo: $\theta_{i}arrow\bigwedge_{h(\overline{Y})\in H\backslash }h(\overline{Y})=0$ ;
$\psi_{i}arrow\exists\overline{X}(\theta_{i}\wedge f_{1}(\overline{Y},\overline{X})=0\wedge\ldots\wedge f_{s}(\overline{Y},\overline{X})=0\wedge g_{1}(\overline{Y},\overline{X})\ldots g_{t}(\overline{Y},\overline{X})\neq 0)$ ;
11: Proceed CGSMain$(F \cup H., >Y,X)$ and GCD-QE$(\psi_{i})$ in parallel;
12: if CGSMain$(F \cup H_{i}, >Y,X)$ terminates in rst then
13: $\mathcal{G}arrow CGSMain(FUH_{i}, >Y,X)$ ;
Proceed the stage 5 of CGS-QE algorithm to $\mathcal{G}$ ;
Let this output be $\phi_{i}$ ;
14: else
15: $\phi_{i}arrow GCD-QE(\psi_{i})$ ;
16: end if
17: Return $\phi\vee\phi_{1}\vee\cdots$ V $\phi_{l}$ ;
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6 ????
Risa/Asir???????????? QE ???????????????????? Risa/Asir?
OpenXM ??????????????? Hybrid-QE ???????????????????????
?????????? Maple ? Projection, Mathematica ? Reduce, Resolve ????????????




???????????????????????????? GCD-QE ??????CGS-QE ??????
Mathematica ? Reduce, Resolve, Maple ? Projection ????????????????Hybrid-QE ??
?????????????
???????????????
$\exists(X, Y)((AX+BY)^{26}-1=0\wedge(AXY+BX+CY)^{26}-B=0\wedge AX+BY\neq 0)$
Hybrid-QE ??????? 139.7??????????????????????????????
24?? GCD-QE ??????CGS-QE ??????Mathematica ? Reduce, Resolve ?????????
??????Maple ? Projection ? Hybrid-QE ???????????????
??????????????????????????????????????
$\exists(X, Y, Z)\in \mathbb{C}^{3}(AXZ+BX-1=0\wedge(BX+CY)^{14}-1=0\wedge AX+BZ\neq 0)$ (2)
Maple ? Projection ???:
$(ABC\neq 0)\vee(C(A^{2}+B^{3})\neq 0)\vee(C=0\wedge AB(A^{12}+7A^{4}B^{12}-14A^{2}B^{15}+7B^{18})\neq 0)\vee(C=$
$0\wedge AB(A^{12}-2A^{10}B^{3}+4A^{8}B^{6}-8A^{6}B^{9}+9A^{4}B^{12}-4A^{2}B^{15}+B^{18})\neq 0)\vee(C=0\wedge AB(A^{2}+2B^{3})\neq 0)\vee(C=$
$0\wedge AB\neq 0)\vee(A=0\wedge C=0\wedge B\neq 0)\vee(A^{12}-2A^{10}B^{3}+4A^{8}B^{6}-SA^{6}B^{9}+9A^{4}B^{12}-4A^{2}B^{15}+B^{18}=$
$0\wedge C=0\wedge AB(47A^{10}-284A^{8}B^{3}+568A^{6}B^{6}-519A^{4}B^{9}+214A^{2}B^{12}-47B^{15})(94A^{10}+117A^{8}B^{3}$ -
$783A^{6}B^{6}+1017A^{4}B^{9}-468A^{2}B^{12}+117B^{15})(3844755A^{10}-9231137A^{8}B^{3}+7214722A^{6}B^{6}-403976A^{4}B^{9}-$





$(C=0\wedge AB\neq 0)\vee(B=0\wedge AC\neq 0)\vee(A=0\wedge C=0\Lambda B\neq 0)\vee(A=0\wedge BC\neq 0)\vee(ABC\neq 0)$
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??????Hybrid-QE ??????????????????




Hybrid-QE ?? GCD-QE ??????????????? CGS ?????????????????
????????????????????????????????????????????????
????
??? Hybrid-QE ???? GCD-QE ????? CS-QE ?????????????????????
????????????
????
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